Introduction
After Mori and Mukai's classification of Fano 3-folds with Picard number ρ ≥ 2 in the early 80's, it has become a classical subject to study Fano manifolds via their contractions 1 , using Mori theory. Indeed the Fano condition makes the situation quite special, because the Cone and the Contraction Theorems hold for the whole cone of effective curves.
It has been conjectured by Hu and Keel [HK00] , and recently proved by Birkar, Cascini, Hacon, and M c Kernan [BCHM10] , that the special behaviour of Fano manifolds with respect to Mori theory is even stronger: in fact, Fano manifolds are Mori dream spaces.
In particular, this implies that the classical point of view can be extended from regular contractions to rational contractions. If X is a Mori dream space, a rational contraction of X is a rational map f : X Y which factors as a finite sequence of flips, followed by a regular contraction. Equivalently, f can be seen as a regular contraction of a small Q-factorial modification of X, that is, a variety related to X by a sequence of flips.
In this paper we use properties of Mori dream spaces to study rational contractions of a smooth Fano 4-fold X. In particular, we are interested in bounding the Picard number ρ X of X.
We recall that ρ X = b 2 (X) is a topological invariant of Fano 4-folds, whose maximal value is not known. By taking products of Del Pezzo surfaces one gets examples with ρ ∈ {2, . . . , 18}, while all known examples of Fano 4-folds which are not products have ρ ≤ 6.
Our main result is a bound on ρ X when X has an elementary rational contraction of fiber type, or more generally, a quasi-elementary rational contraction of fiber type. Let us explain the terminology: as in the regular case, a rational contraction f : X Y is of fiber type if dim Y < dim X, and it is elementary if ρ X − ρ Y = 1.
Quasi-elementary rational contractions are a special class of rational contractions of fiber type, which includes the elementary ones. They share many useful properties of the elementary case, for instance the target is again a Mori dream space. If f : X → Y is a contraction of fiber type, then f is quasi-elementary if every curve contracted by f is numerically equivalent to a one-cycle contained in a general fiber of f . In the case of rational contractions, we give some equivalent characterizations of being quasi-elementary, see section 2.2 for more details.
Quasi-elementary (regular) contractions of Fano manifolds have been studied in [Cas08] ; let us recall what is known in the 4-dimensional case.
Theorem ( [Cas08] , Cor. 1.2). Let X be a smooth Fano 4-fold.
If X has an elementary contraction of fiber type, then ρ X ≤ 11, with equality only if X ∼ = P 1 × P 1 × S or X ∼ = F 1 × S, where S is a surface.
If X has a quasi-elementary contraction of fiber type, then ρ X ≤ 18, with equality only if X is a product of surfaces.
Here is the result in the case of a rational contraction. Theorem 1.1. Let X be a smooth Fano 4-fold.
If X has an elementary rational contraction of fiber type, then ρ X ≤ 11.
If X has a quasi-elementary rational contraction of fiber type, which is not regular, then ρ X ≤ 17.
The strategy for the proof of Th. 1.1 is similar to the one used in [Cas08] , via the study of elementary contractions of the target of the rational contraction of fiber type. We systematically use properties of Mori dream spaces, and a key ingredient is a description of non-movable prime divisors in X when ρ X ≥ 6. More precisely, we show the following. • Y is smooth and Fano, f is the blow-up of a smooth curve, and D is a P 2 -bundle over a smooth curve;
• Y is smooth and Fano, f is the blow-up of a point, and D ∼ = P 3 ;
• D is isomorphic to a quadric, f ( D) is a factorial and terminal singular point, and Y is Fano.
We finally apply these results to Fano 4-folds X with c X = 1 or c X = 2. Let us recall from [Cas11] that c X is an invariant of a Fano manifold X, defined as follows. For any prime divisor D ⊂ X, we consider the restriction map H 2 (X, R) → H 2 (D, R), and we set: c X := max dim ker H 2 (X, R) → H 2 (D, R) | D is a prime divisor in X ∈ {0, . . . , ρ X −1}.
By [Cas11, Th. 3 .3] we have c X ≤ 8 for any smooth Fano manifold X, and if c X ≥ 4, then X is a product of a Del Pezzo surface with another Fano manifold. In particular, in dimension 4, we have ρ X ≤ 18 as soon as c X ≥ 4. Moreover when c X = 3 we know after [Cas11] that ρ X ≤ 8 (see Th. 3.11). Therefore in order to study Fano 4-folds with large Picard number, we can reduce to the case c X ≤ 2; this is used throughout the paper. In the last section we show the following. Theorem 1.3. Let X be a smooth Fano 4-fold with c X ∈ {1, 2}. Then either ρ X ≤ 12, or X is the blow-up of another Fano 4-fold along a smooth surface.
Outline of the paper. Section 2 concerns Mori dream spaces. In section 2.1 we recall from [HK00] the main geometrical properties of Mori dream spaces; then in section 2.2 we define quasi-elementary rational contractions and explain some of their properties.
In section 3 we move to Fano 4-folds. We first give in section 3.1 some elementary properties of small Q-factorial modifications and rational contractions of Fano 4-folds. Then in section 3.2 we recall some results needed from [Cas11] , and study the implications on prime divisors in a small Q-factorial modification of a Fano 4-fold. Finally in section 3.3 we show Th. 1.2 on non-movable prime divisors.
In section 4 we show Th. 1.1. We study first the case where the target is a surface in section 4.1, and then the case where the target has dimension 3 in section 4.2 (the case where the target is a curve is easier and is treated in section 3.1).
Finally in section 5 we show Th. 1.3.
If σ ⊆ N 1 (X) is a convex polyhedral cone and σ ∨ ⊆ N 1 (X) its dual cone, there is a natural bijection between the faces of σ and those of σ ∨ , given by τ → τ ⋆ := σ ∨ ∩ τ ⊥ for every face τ of σ.
An extremal ray of X is a one-dimensional face of NE(X).
Consider an elementary contraction f : X → Y and the extremal ray σ := NE(f ). We say that σ is birational, divisorial, small, or of type (a, b), if f is. We set Locus(σ) := Exc(f ), namely Locus(σ) is the union of the curves whose class belongs to σ. If D is a divisor in X, we say that D · σ > 0 if D · C > 0 for a curve C with [C] ∈ σ, equivalently if f is D-positive; similarly for D · σ = 0 and D · σ < 0.
Suppose that f : X → Y is a small elementary contraction, and let D be a divisor in X such that f is D-negative. The flip of f is a birational map g : X X which fits into a commutative diagram:
where X is a normal and Q-factorial projective variety, g is an isomorphism in codimension one, and f is a D-positive, small elementary contraction ( D the transform of D in X). If the flip exists, it is unique and does not depend on D, see [KM98, Cor. 6.4 and Def. 6.5].
We also say that g is the flip of the small extremal ray NE(f ), and that g is a D-negative flip. Similarly, if B is a divisor on X such that f is B-positive, we say that g is a B-positive flip. Finally, when D = K X , we just say K-positive or K-negative. Suppose that X is a projective 4-fold and that f : X → Y is an elementary contraction. We say that f is of type (3, 2) sm if it is birational and every fiber has dimension at most 1, equivalently if Y is smooth and f is the blow-up of a smooth surface (see Th. 3.1).
Mori dream spaces 2.1 A brief survey
In this section we recall from [HK00] the definition and the main geometrical properties of Mori dream spaces. It is meant as a quick introduction, and contains no new results; we provide proofs of some elementary properties for which we could not find an easy reference.
Definition 2.1. Let X be a normal and Q-factorial projective variety. A small Q-factorial modification (SQM) of X is a normal and Q-factorial projective variety X, together with a birational map f : X X which is an isomorphism in codimension 1.
Flips are examples of SQMs.
Definition 2.2 ([HK00], Def. 1.10). Let X be a normal and Q-factorial projective variety, with finitely generated Picard group. We say that X is a Mori dream space if there are a finite number of SQMs f j : X X j such that:
(i) for every j, Nef(X j ) is a polyhedral cone, generated by the classes of finitely many semiample divisors;
(ii) Mov(X) = j f * j (Nef(X j )).
Notice that if X is a normal and Q-factorial projective variety having a SQM X which is a Mori dream space, then X itself is a Mori dream space.
Let X be a Mori dream space. We consider the following cones in N 1 (X):
All three are closed and polyhedral (see [HK00, Prop. 1.11(2)]), and have dimension 3 ρ X . By condition (ii), one of the SQMs f j must be the identity of X, and by (i) Nef(X) is generated by the classes of finitely many semiample divisors. In particular this implies that the association (f :
yields a bijection between the set of contractions of X and the set of faces of Nef(X).
Definition 2.3. Let X be a Mori dream space. A rational contraction of X is a rational map f : X Y which factors as X X → Y , where X X is a SQM, and X → Y a (regular) contraction.
(In [HK00] the terminology "contracting rational map" is also used.) Let us notice that the definition [HK00, Def. 1.1] is more general, because X is just assumed to be a normal projective variety; when X is a Mori dream space, the two notions coincide, by [HK00, Prop. 1.11].
Every SQM of X factors as a finite sequence of flips (see [HK00, Prop. 1.11]), therefore a rational contraction can equivalently be described as a rational map which factors as a finite sequence of flips followed by a contraction.
Remark 2.4. Let X be a Mori dream space, Y a normal projective variety, and f : X Y a dominant rational map with connected fibers. 4 If there exist open subsets U ⊆ X and V ⊆ Y such that codim(Y V ) ≥ 2 and f U : U → V is a regular contraction, then f is a rational contraction. When f is birational, also the converse holds.
Indeed consider a resolution of f :
where X is normal and projective, and g is birational and an isomorphism over dom(f ).
e. D is f -fixed, in the terminology of [HK00] ). Thus f is a rational contraction by [HK00, Def. 1.1 and Prop. 1.11].
If f : X Y is a rational contraction, there is a well-defined injective linear map f * : N 1 (Y ) → N 1 (X), such that f * (Nef(Y )) ⊆ Mov(X). The bijection between the contractions of X and the faces of Nef(X) generalizes to rational contractions in the following way. Define
Then we have the following.
Proposition 2.5 ([HK00], Prop. 1.1(3)). The set M X is a fan 5 in N 1 (X). The union of the cones in M X is Mov(X), and every face of Mov(X) is a union of cones in M X . Moreover, the association
gives a bijection between the set of rational contractions of X and M X .
Here are some properties of this bijection:
• if σ ∈ M X and f : X Y is the corresponding contraction, then dim σ = ρ Y ;
• f is regular if and only if σ ⊆ Nef(X); in particular Nef(X) ∈ M X corresponds to the identity of X;
• f is of fiber type (i.e. dim Y < dim X) if and only if σ is contained in the boundary of Eff(X);
• f is a SQM if and only if dim σ = ρ X ;
• given two cones σ 1 , σ 2 ∈ M X with corresponding rational contractions f i : X Y i , then σ 1 ⊆ σ 2 if and only if there is a regular contraction g : Y 2 → Y 1 such that the following diagram commutes:
In particular, given
Example 2.6 (Elementary rational contractions). Let f : X Y be a rational contraction. We say that f is elementary if ρ X − ρ Y = 1, equivalently if dim σ = ρ X − 1, where σ ∈ M X is the cone corresponding to f . As in the regular case, we have three possibilities: (i) if σ is in the interior of Mov(X), then f is an elementary small contraction of a SQM of X;
5 We recall that a fan Σ in R m is a finite set of convex polyhedral cones in R m , with the following properties: 1) for every σ ∈ Σ, every face of σ is in Σ; 2) for every σ, τ ∈ Σ, σ ∩ τ is a face of both σ and τ .
(ii) if σ lies on the boundary of Mov(X) but in the interior of Eff(X), then f is an elementary divisorial contraction of a SQM of X;
(iii) if σ lies on the boundary of Eff(X), then f is an elementary fiber type contraction of a SQM of X.
As in the regular case, we will say that f is small in case (i), divisorial in case (ii).
Example 2.7 (Flips). Let f : X → Y be a small elementary contraction, and consider
The cone σ is a facet of Nef(X) and lies in the interior of Mov(X), therefore there exists a unique ρ X -dimensional cone τ ∈ M X such that σ = Nef(X) ∩ τ . Let g : X X be the SQM corresponding to τ ; then g is the flip of f .
Remark 2.8. Let X be a Mori dream space and f : X Y a rational contraction. Suppose that Y is Q-factorial. Then Y is a Mori dream space, and for every rational contraction g : Y Z, the composition g • f : X Z is again a rational contraction.
Proof. The statement is clear from the definitions if f is a SQM. In general, we factor f as
where X is a SQM of X, and f is a regular contraction. Since X is a Mori dream space, and g • f : X Z is a rational contraction if and only if g • f : X Z is, we can assume that f is regular. Now f * : Pic(Y ) → Pic(X) is injective, hence Y has finitely generated Picard group. Then we can define the Cox rings Cox(Y ) and Cox(X) of Y and X, see [HK00, Def. 2.6]. By [HK00, Prop. 2.9] Y is a Mori dream space if and only if Cox(Y ) is a finitely generated C-algebra, and for the same reason Cox(X) is a finitely generated C-algebra.
We have f * (Eff(Y )) = Eff(X)∩ f * (N 1 (Y )), so that f * (Eff(Y )) is closed and is a convex polyhedral cone. Moreover, via f * , we can see Cox(Y ) as a subalgebra of Cox(X), graded by the subsemigroup of integral points of f * (Eff(Y )). This kind of subalgebra is called a Veronese subalgebra; since Cox(X) is finitely generated, the same holds for Cox(Y ), see [ADHL10, Prop. 1.2.2]. Thus Y is a Mori dream space.
Let us show that g • f is a rational contraction. We factor g as
where h is a SQM and g a regular contraction, and first consider h
It is clear from Def. 2.3 that the composition of a rational contraction with a regular contraction is again a rational contraction;
Remark 2.9. If X is a Mori dream space and f : X → Y is a contraction, then (ker f * ) ⊥ = f * (N 1 (Y )). In other words, for any divisor D in X, one has D ⊥ ⊇ ker f * if and only if [D] ∈ f * (N 1 (Y )). Indeed it is easy to see that (ker f * ) ⊥ ⊇ f * (N 1 (Y )), and since both subspaces have dimension ρ Y , they must coincide.
2.10. Mori programs. Let X be a Mori dream space, and D a divisor in X. A Mori program for D is a sequence of varieties and birational maps (2.11)
(2.12) every X i is a normal and Q-factorial projective variety; (2.13) for every i = 0, . . . , k−1 there is a birational, D i -negative extremal ray σ i of NE(X i ), such that f i is either the contraction of 
Recall that by [BDPP04] , for any projective variety X, the dual ME(X) of the cone Eff(X) is the closure of the convex cone generated by classes of irreducible curves belonging to a covering family of curves. When X is a Mori dream space, the cone ME(X) is polyhedral, because Eff(X) is. Using the same techniques as in [Ara10] (in a much simpler situation), one can see that every one-dimensional face of ME(X) contains the class of a curve moving in a covering family. The proof of the following Lemma is adapted from [Ara10, Lemma 5.1 and Th. 5.2]; we write it explicitly for the reader's convenience.
Lemma 2.17. Let X be a Mori dream space and σ a one-dimensional face of ME(X). Then there exists a Mori program on X ending with a fiber type contraction:
Proof. Let B be an effective divisor such that B ⊥ ∩ ME(X) = σ, let H be an ample divisor, and set D := B − H. Concretely, this means a sequence as (2.11), where at each step the extremal ray σ i is chosen in a prescribed way. At the first step, we choose a facet of Nef(X) met by moving from [D] to [H] along the segment s joining them in N 1 (X). This facet corresponds to a D-negative extremal ray of NE(X); this will be σ 0 . This process can be repeated at each step, using H i in X i , where X i . The statement is clear if f i−1 is a flip, thus let's assume that it is a divisorial contraction.
We know that (
We have D i−1 · NE(f i−1 ) < 0; moreover, by the choice of NE(f i−1 ), there exists
, we can proceed as in the proof of Rem. 2.15 and get a contradiction.
In the end we get an elementary contraction of fiber type • the set of non-movable prime divisors in X, and
• the set of one-dimensional faces of Eff(X) not contained in Mov(X). Conversely, if (ii) holds, then D is not movable, hence neither is D. Finally, suppose that (i) and (ii) hold, and let
is a one-dimensional face of Eff( X). Similarly, one shows that D is the unique prime divisor whose class belongs to this face.
We will also need the following.
Remark 2.20. Let X be a Mori dream space, g : X → Z a contraction, and D ⊂ X a non-movable prime divisor such that g(D) = {pt}. Then there exists a commutative diagram:
where X X is a SQM which factors as a sequence of D-negative flips, f is an elementary divisorial contraction with exceptional divisor (the transform of) D, and h is a contraction.
Proof. By Rem. 2.19, there are a birational map X X which factors as a sequence of Dnegative flips, and an elementary divisorial contraction f : X → Y with exceptional divisor the transform of D. If σ is a D-negative extremal ray of NE(X), then Locus(σ) ⊆ D, so that g(Locus(σ)) = {pt} and σ ⊆ NE(g). Iterating this reasoning, we see that the rational map h : Y Z is indeed regular.
Quasi-elementary rational contractions
In this section we introduce a special class of rational contractions of fiber type of Mori dream spaces, called quasi-elementary contractions, which share many good properties of elementary rational contractions of fiber type. The notion of quasi-elementary contraction was first introduced in [Cas08] , but in a different context: there the objects were regular, K-negative contractions of a smooth projective variety. Here, since we are considering Mori dream spaces, we do not need to assume K-negativity. Let X be a Mori dream space and f : X → Y a contraction. Recall that
is a face of NE(X), corresponding to the face f * (Nef(Y )) of Nef(X). In the same way we can associate to f a face of ME(X), setting ME(f ) := ker f * ∩ ME(X) = NE(f ) ∩ ME(X).
Notice that ME(f ) is non-zero if and only if f is of fiber type.
Lemma 2.21. In the notation above, let F ⊂ X be a general fiber of f , and i : F ֒→ X the inclusion. Then ME(f ) = i * (ME(F )), the linear span of ME(f ) is N 1 (F, X), and dim ME(f ) = dim N 1 (F, X).
Proof. We clearly have i * (ME(F )) ⊂ ker f * . Let D 1 , . . . , D r ⊂ X be prime divisors whose classes generate Eff(X). Then for every j ∈ {1, . . . , r} D j does not contain F , and if γ ∈ ME(F ) we have
so that i * (γ) ∈ Eff(X) ∨ = ME(X). This shows that i * (ME(F )) ⊆ ker f * ∩ME(X) = ME(f ). Conversely, let σ be a one-dimensional face of ME(f ). By Rem. 2.21, there is a covering family of curves {C t } in X whose numerical class belongs to σ. On the other hand, since σ ⊂ ker f * , all these curves are contracted to a point by f . This means that a subfamily {C t ′ } gives a covering family of curves in F , hence [C t ′ ] ∈ ME(F ) and σ ⊆ i * (ME(F )). Therefore ME(f ) = i * (ME(F )). Now since ME(F ) generates N 1 (F ), we get that N 1 (F, X) = i * (N 1 (F )) is the linear span of ME(f ) in N 1 (X), and dim ME(f ) = dim N 1 (F, X).
For the last statement, let τ be a face of ME(X) and τ ⋆ the corresponding face of Eff(X). By the definition of τ ⋆ , if H ⊆ N 1 (X) is a linear subspace, then τ ⊂ H if and only if τ ⋆ ⊇ Eff(X) ∩ H ⊥ . Now take H = ker f * . Since H ⊥ = f * (N 1 (Y )) (see Rem. 2.9), we get:
Proposition 2.22. Let X be a Mori dream space, f : X Y a rational contraction, and σ ∈ M X the corresponding cone. Let X X f → Y be a factorization of f as a SQM followed by a contraction, and let F ⊂ X be a general fiber of f .
The following properties are equivalent:
Definition 2.23. We say that f is quasi-elementary if the equivalent conditions above are satisfied and f is non-trivial (i.e. f is not an isomorphism nor constant). In particular, f must be of fiber type.
Notice that f is quasi-elementary if and only if f is (notation as in Prop. 2.22).
Proof of Prop. 2.22. Up to replacing X by X, we can assume that f : X → Y is regular.
(i) ⇒ (iii) This follows from Lemma 2.21.
(iii) ⇒ (v) Since dim ME(f ) = dim ker f * , ker f * is the linear span of ME(f ). Therefore
(iv) ⇒ (ii) Let η be the face of Eff(X) containing σ and such that dim
Then the linear span of η is the same as that of σ, namely f * (N 1 (Y )). This gives
and by Lemma 2.21 we get dim
Remark 2.24. Let X be a Mori dream space and f : X Y a rational contraction of fiber type with dim Y > 0.
• If f is elementary, then it is also quasi-elementary.
• If dim Y = dim X − 1, then f is elementary if and only if it is quasi-elementary.
• If f is quasi-elementary and regular, and F ⊂ X is a general fiber, then
If X is a Mori dream space, then X has a (non-trivial) rational contraction of fiber type if and only if the boundaries of Mov(X) and Eff(X) meet outside zero. For the quasi-elementary case we have the following criterion. Proof. Let f : X Y be a quasi-elementary rational contraction with ρ Y = r, and let σ ∈ M X be the corresponding cone. Then dim σ = r, and by Prop. 2.22 (iv), σ is contained in a face τ of Eff(X) with dim τ = r. There exists a face η of Mov(X) with σ ⊆ η ⊆ τ , and we get dim η = r.
Conversely, let η be a face of Mov(X) contained in a face τ of Eff(X) with dim η = dim τ = r. Since η is a union of cones in M X , we can choose σ ∈ M X such that σ ⊆ η and dim σ = r. Then the rational contraction corresponding to σ is quasi-elementary again by Prop. 2.22 (iv), and the target has Picard number r. Proof. We first show that Y is Q-factorial. Up to replacing X with a SQM, we can assume that f is regular. Let D ⊂ Y be a prime divisor in Y , and let 3 Non-movable prime divisors in a Fano 4-fold
Fano 4-folds as Mori dream spaces
Let us recollect some well-known results which will be used in the sequel. We recall that by a 4-fold we always mean a smooth 4-dimensional algebraic variety. 
Then the possibilities for (T, −K X|T ) are the following:
) with e = 1, 2;
(ii) (S r , O Sr (1)) with r ≥ 2;
Here S r is the cone over a rational normal curve of degree r, B ⊂ F r is a fiber of the P 1 -bundle, and C 0 ⊂ F r is a section of the P 1 -bundle with C 2 0 = −r. If moreover X is smooth, then every irreducible component of F has dimension 2. 
. Let X be a projective 4-fold and f : X X a K-negative flip. Then X is smooth, X dom(f ) is the disjoint union of r ≥ 1 exceptional planes, and
Moreover f factors as h • g −1 , where g : X → X is the blow-up of X dom(f ), and h : X → X is the blow-up of X dom(f −1 ). In this paper, our interest in Mori dream spaces is motivated by the following result. We are now going to explain some elementary properties of SQMs and of rational contractions of Fano 4-folds.
Remark 3.6. Let X be a Fano 4-fold and f : X X a SQM. Then X is smooth, X dom(f ) is the disjoint union of r exceptional planes, and X dom(f −1 ) is the disjoint union of r exceptional lines.
Moreover if C ⊂ X is an irreducible curve such that C ∩ dom(f −1 ) = ∅, and C X ⊂ X is its transform, we have
where s is the number of points of C which belong to an exceptional line. In particular:
(1) if −K X · C = 1, then C does not intersect any exceptional line; in general we have:
Proof. The statement is trivial if f is an isomorphism. Otherwise, let D be an ample divisor in X, and D := f * ( D). Then D is a movable divisor in X, and any Mori program for D yields a factorization of f as a sequence of flips. Applying [Cas11, Prop. 2.4], we can factor f as a sequence of m ≥ 1 K-negative flips. In this way we get a factorization:
where f ′ is the composition of the first m − 1 flips, and f m is the last one. By induction, we can assume that the statement holds for f ′ : X X ′ . Since X ′ is smooth and f m is a K-negative flip, we can apply Th. 3.3; in particular, X is smooth. Moreover X ′ dom(f m ) is the disjoint union of t exceptional planes, and X dom(f −1 m ) is the disjoint union of t exceptional lines. By the induction hypothesis, an exceptional plane and an exceptional line in X ′ cannot meet, therefore the indeterminacy locus of f m is disjoint from the indeterminacy locus of (f ′ ) −1 .
We have a factorization
where X is smooth, g is the blow-up of X ′ dom(f m ), and h is the blow-up of X dom(f −1 m ). If E 1 , . . . , E t ⊂ X are the exceptional divisors, we have
Consider now an irreducible curve C ⊂ X such that C ∩dom(f −1 ) = ∅, and let C X ⊂ X, C ′ ⊂ X ′ , and C ⊂ X be its transforms. Suppose that C ′ has s ′ points belonging to an exceptional line. Then −K X ′ · C ′ ≥ −K X · C X + s ′ by induction, and C meets the indeterminacy locus of f −1 m in s − s ′ points, so we get
which gives the statement.
Remark 3.7. Let X be a Fano 4-fold and f : X Y a rational contraction. Then there exists a factorization of f as
where X X is a SQM, X is smooth, and f is a K-negative contraction; in particular, Y has rational singularities.
Proof. Consider a factorization f = g 1 • h 1 where h 1 : X X 1 is a SQM and g 1 : X 1 → Y a contraction. If g 1 is not K-negative, there exists an extremal ray σ of NE(X 1 ) such that K X 1 · σ ≥ 0 and σ ⊆ NE(g 1 ). By Rem. 3.6 (2), Locus(σ) is the union of finitely many exceptional lines; let h 2 be the composition of h 1 with the flip of σ, and
Then g 2 is a morphism and f = g 2 • h 2 . Moreover the number of connected components of X dom(h 2 ) is strictly smaller than the number of connected components of X dom(h 1 ). Proceeding in this way, after finitely many steps we get a factorization f = g m • h m where g m is K-negative. Finally, Y has rational singularities by [Kol86, Cor. 7 .4]. If
Proof. By Rem. 3.7, we can factor f as X
X is a SQM, X is smooth, and f is a K-negative quasi-elementary contraction. The general fiber F of f is a smooth Fano variety, and
Since f is not a morphism, X contains some exceptional line l, which cannot intersect curves of anticanonical degree 1 by Rem. 3.6 (1).
We show that F cannot be covered by curves of anticanonical degree 1. Indeed if it were, since F is a general fiber of f , we could find a (proper and irreducible) family of curves in X, covering X, whose general member is an irreducible curve, of anticanonical degree 1, and contracted by f . As −K X is f -ample, we deduce that every curve of the family has anticanonical degree 1 and is contracted by f . On the other hand the exceptional line l is not contracted by f , hence l cannot be contained in a member of the family. Thus l must intersect some curve of the family, and we get a contradiction.
If dim Y = 2, then F is a Del Pezzo surface, thus ρ F ≤ 9. Moreover if ρ F = 9, then F is covered by the pencil | − K F | which contains curves of anticanonical degree 1, a contradiction. Therefore ρ F ≤ 8 and
If Y is a curve, then F is a Fano 3-fold, so that ρ F ≤ 10. Again, if ρ F = 10, then F ∼ = P 1 ×S where S is a Del Pezzo surface with ρ S = 9 (see [IP99, p. 141]), and F is covered by curves of anticanonical degree 1; therefore ρ F ≤ 9 and we get the statement.
Remark 3.10. Let X be a Fano 4-fold, f : X Y a quasi-elementary rational contraction, and
Finally it is not difficult to check that ( f ) * (D) is not movable.
Picard number of divisors in Fano 4-folds
Let X be a Fano manifold and D ⊂ X a prime divisor. If i : D ֒→ X is the inclusion, let us consider
, therefore the invariant c X defined in the Introduction can also be described as:
We will need the following result. (ii) c X = 3, ρ X = 5, and X has a quasi-elementary contraction onto P 2 ; (iii) c X = 3, ρ X = 6, and X has a quasi-elementary contraction onto F 1 or P 1 × P 1 .
Moreover every elementary contraction of X is either of type (3, 2) sm , or a conic bundle.
, so up to exchanging S 1 and S 2 we get ρ
If X is not a product of surfaces, then by [Cas11, Cor. 1.3 and Th. 3.3] we have c X = 3, ρ X ≤ 6, and X has a quasi-elementary contraction f : X → S where S is a smooth Del Pezzo surface with ρ X − ρ S = 4. Thus ρ S ∈ {1, 2}, and if ρ S = 1 we get (ii).
Suppose that ρ S = 2, and let g be an elementary contraction of X. If NE(g) ⊂ NE(f ), then f is finite on every non-trivial fiber F of g. Since dim N 1 (F, X) = 1, we cannot have f (F ) = S, therefore dim F ≤ 1. Hence g is either of type (3, 2) sm , or a conic bundle, by Th. 3.1.
Suppose that NE(g) ⊂ NE(f ). After [Cas11, proof of Prop. 3.3.1, in particular §3.3.15], f factors as h 2 • h 1 where h 1 : X → Y and h 2 : Y → S are conic bundles, Y is smooth with dim Y = 3 and ρ Y = 3, and NE(h 1 ) contains 4 extremal rays, all of type (3, 2) sm . Therefore either NE(g) ⊂ NE(h 1 ) and we are done, or (h 1 ) * (NE(g)) = NE(h 2 ). In this last case, if F is a non-trivial fiber of g, then h 1 is finite on F and h 1 (F ) is contained in a fiber of h 2 , therefore dim F = 1 and we get the statement.
Therefore, if we are interested in studying Fano 4-folds which are not products and have large Picard number, we can assume that c X ≤ 2, so that for every prime divisor D ⊂ X we have dim N 1 (D, X) ≥ ρ X − 2. Let us also state the following application.
Corollary 3.12. Let X be a Fano 4-fold. If X has a small elementary contraction 6 then either ρ X = 5 and c X = 3, or c X ≤ 2.
It is natural to ask whether we can deduce similar properties for a SQM of X. The following two statements describe how dim N 1 (D, X) varies under a flip or a SQM.
Remark 3.13. Let X be a smooth 4-fold, σ a K-negative small extremal ray of NE(X), X X the flip of σ, and σ the corresponding small extremal ray of NE( X).
(1) Let Z ⊂ X be a closed subset disjoint from Locus(σ), and
(2) Let D ⊂ X be a prime divisor, and
Proof. We have the standard flip diagram:
Y where g and g are the contractions of σ and σ respectively.
We show that σ ⊂ N 1 (Z, X) if and only if σ ⊂ N 1 ( Z, X). Indeed let B ⊂ Locus(σ) be a line in an exceptional plane, and l ⊆ Locus( σ) an exceptional line. If σ ⊂ N 1 (Z, X), then B ≡ i λ i C i , with λ i ∈ Q and C i ⊂ Z irreducible curves. Let C i ⊂ Z be the transform of C i . Then there exists µ ∈ Q such that µl ≡ i λ i C i . On the other hand, by taking anticanonical degrees, we get
The other implication is shown in the same way.
Therefore ker g * ⊆ N 1 (Z, X) if and only if ker g * ⊆ N 1 ( Z, X), which yields dim N 1 (Z, X) = dim N 1 ( Z, X). 
In the last case, Locus( σ) ∩ D must be a (non-empty) finite set, therefore we have D · σ > 0 and D · σ < 0.
Corollary 3.14. Let X be a Fano 4-fold, f : X X a SQM, D ⊂ X a prime divisor, and D ⊂ X its transform.
• If f factors as a sequence of m K-negative flips, then dim
Characterization of non-movable prime divisors
In this section we give a geometric description of non-movable prime divisors in a Fano 4-fold X with ρ X ≥ 6 (Th. 3.15). As noticed in Rem. 2.19, the classes of these divisors generate the one-dimensional faces of Eff(X) which do not lie in Mov(X). On the other hand, we show that if a one-dimensional face of Eff(X) is contained in Mov(X), then ρ X ≤ 11 (Prop. 3.20). Th. 3.15 also allows to describe elementary divisorial rational contractions of X, see Cor. 3.19.
We refer the reader to [Bar10] for a study of Eff(X) and ME(X) for a Fano 4-fold X.
Theorem 3.15. Let X be a Fano 4-fold with ρ X ≥ 6, and D ⊂ X a non-movable prime divisor. Then there exists a diagram: We will say that D is of type (3, 2), of type (3, 1), of type (3, 0) P 3 , or of type (3, 0) Q , when we are respectively in case (i), (ii), (iii), or (iv) above.
Remark 3.16. In cases (ii) − (iv) we will also show that c X ≤ 2, and that the birational map X X factors as a sequence of at least ρ X − 4 D-negative and K-negative flips (this follows from (3.18)). In particular, Th. 3.15 implies Th. 1.2.
Example 3.17 (A non-movable prime divisor of type (3, 0) P 3 ). Let Y := (P 1 ) 4 and let f : X → Y be the blow-up of a point p ∈ Y . Then X is a toric 4-fold with ρ X = 5; in particular X is a Mori dream space.
Let C 1 , C 2 , C 3 , C 4 ⊂ Y be the irreducible curves of type P 1 × {pts} through p, and
On the other hand l i is an exceptional line, R ≥0 [l i ] is a small extremal ray of NE( X), and it is possible to flip these exceptional lines with a sequence of 4 flips X X. Then X is Fano 7 and the transform D ⊂ X of Exc(f ) is a smooth divisor, isomorphic to the blow-up of P 3 in 4 points. There are 4 exceptional planes 
, and c X ≥ ρ X − 2 ≥ 4. Then X should be a product of surfaces by Th. 3.11, thus X cannot contain any exceptional plane, and we get a contradiction. Therefore we have (i).
Suppose that f is not of type (3, 2). Since ρ X ≥ 6, by [Cas09, Cor. 1.3] X cannot have elementary divisorial contractions of type (3, 0) or (3, 1), therefore g is not an isomorphism and X has a small elementary contraction. Hence c X ≤ 2 by Cor. 3.12, and dim N 1 (D, X) ≥ 4.
Let l 1 , . . . , l r ⊂ X be the exceptional lines, and suppose that g factors as a sequence of m ≥ 1 K-negative and D-negative flips. Then Rem. 3.14 yields m ≥ dim N 1 (D, X) − dim N 1 ( D, X), therefore:
Moreover D · l i > 0 for every i = 1, . . . , r, and l i can not be contained in a fiber of f .
Suppose that f is of type (3, 1), so that dim N 1 ( D, X) = 2 and r ≥ 2 by (3.
Suppose that X has a D-negative extremal ray σ = NE(f ). Then Locus(σ) ⊆ D, so that −K X · σ > 0. If G ⊂ D is a non-trivial fiber of the contraction of σ, then f must be finite on G, hence dim G = 1. Therefore σ is of type (3, 2) (see Th. 3.1), and D is covered by curves of anticanonical degree 1, a contradiction by Rem. 3.6 (1). We deduce that −K X + 2 D is nef and (−K X + 2 D) ⊥ ∩ NE( X) = NE(f ), hence −K Y is ample and we have (ii).
Assume now that f is of type (3, 0), so that dim N 1 ( D, X) = 1 and r ≥ 3 by (3.18). Suppose that D ∼ = P 3 . Since −K X · NE(f ) > 0, we have N D/ X ∼ = O P 3 (−a) with a ∈ {1, 2, 3}. If a = 3, then D is covered by curves of anticanonical degree 1, which is impossible by Rem. 3.6 (1), because D intersects l 1 . If a = 2, the lines in D have anticanonical degree 2 in X, and by taking a line which intersects both l 1 and l 2 , we get again a contradiction by Rem. 3.6 (1). Therefore a = 1, Y is smooth, and f is the blow-up of a point p ∈ Y . We have
. . , r, and similarly as before we conclude that Y is Fano, so we get (iii).
Suppose that D ∼ = Q, where Q ⊂ P 4 is a quadric. Again we have
with a ∈ {1, 2}. If a = 2, then D is covered by curves of anticanonical degree 1, which is impossible. Thus a = 1, and if C ⊂ D corresponds to a line in Q, we have −K X · C = 2 and D · C = −1. The point p = f ( D) ∈ Y is a factorial terminal singularity in Y , and
. . , r, and Y is Fano, so we get (iv).
We assume now that D is not isomorphic to P 3 or a quadric, and show that this gives a contradiction. This type of exceptional divisor has been studied by Beltrametti [Bel87, Bel86] and by Fujita as an application of his theory of Del Pezzo varieties -we refer the reader to [IP99, §3.2] for an overview.
Notice that D is reduced and irreducible. Being a divisor in a smooth variety, it is Cohen-Macaulay and has a locally free dualising sheaf ω D given by
Therefore D is Gorenstein, and by Serre's criterion, it is normal if and only if dim Sing D ≤ 1.
By [Fuj90, §3, in particular (3.2)], there exists an ample line bundle Notice that D cannot be covered by curves having intersection 1 with L, because these would have anticanonical degree 1 in X, contradicting Rem. 3.6 (1).
D is isomorphic to a hypersurface of degree 6 in the weighted projective space P(3, 2, 1, 1, 1).
Since P(3, 2, 1, 1, 1) has two singular points 8 , the generic hypersurface is smooth; if in the smooth case D is covered by curves having intersection 1 with L, the same must hold also in the singular case.
Hence suppose that D is smooth. By [IP99, Prop. 3.2.4 (i)] the general element S ∈ |L| is a smooth surface with −K S = L |S ample and (−K S ) 2 = d = 1. Therefore S is covered by curves of anticanonical degree 1 (the pencil | − K S |) and D is covered by curves having intersection 1 with L, which gives a contradiction. If d = 2, then by [IP99, Prop. 3.2.4 (ii)] the linear system |L| determines a double covering π : D → P 3 such that L = π * O P 3 (1). For i = 1, 2 choose p i ∈ D ∩ l i , and let C ⊂ P 3 be a line through π(p 1 ) and π(p 2 ). Set
. The curve C ′ can not be irreducible by Rem. 3.6 (1), but if it is reducible we get a curve of anticanonical degree 1 in X containing one of the points p i , which is again impossible.
Suppose now that d ≥ 3. Then L is very ample and gives an isomorphism of D with
If d = 3 then V is a cubic in P 4 , thus it is covered by lines, and D is covered by curves having intersection 1 with L. Similarly, if d = 4, then by [IP99, Th. 3.2.5 (iv)] V is the complete intersection of two quadrics in P 5 , and again it is covered by lines.
Assume that d ≥ 5. Then by [Fuj90, (2.6)] V ⊂ P d+1 is not a cone over another variety. If D is smooth, then it is a Fano 3-fold of index 2, and by [IP99, Th. 3.3.1] the possibilities for D are: the blow-up of P 3 in a point, (P 1 ) 3 , P P 2 (T P 2 ), or a linear section of G(1, 4) ⊂ P 9 . In all these cases it is easy to see that D is covered by curves having intersection 1 with L.
Suppose now that dim Sing( D) = 0. Then D is normal, and by [Fuj86, Th. (2.1) and (2.9)] we see that the singularities of D are ordinary double points; in particular D has terminal singularities. Therefore by [Nam97, Th. 11] D has a smoothing T , where T is a smooth Fano 3-fold with index 2 and anticanonical degree 8d. By the previous case, we know that T is covered by curves of anticanonical degree 2, hence the same holds for D.
If dim Sing( D) = 2 then D is not normal, and by [Fuj86, Th. (2.1)] V is the projection of a smooth variety of minimal degree in P d+2 . In particular V is covered by lines, and we are done.
If instead dim Sing( D) = 1 (so that D is normal), we follow the construction in [Fuj86, (6), p. 150]. Let p 0 ∈ Sing(V ), and set
where pq denotes the line through p and q in P d+1 . Notice that dim W = 4 and W has degree d − 2. Set moreover Therefore R is a line and dim M = 2. We still follow the construction in [Fuj86, (7)]. Let P → P d+1 be the blow-up along R, let V ⊂ P and W ⊂ P be transforms of V and W respectively, and ϕ : W → W the induced morphism.
Then W is smooth and there is a P 2 -bundle structure W → M such that if F ⊂ W is a fiber we have ϕ * (O W (1)) |F = O P 2 (1). On the other hand by [Fuj86, (8)] we also have ϕ * (O W (1)) |F = O W ( V ) |F , therefore for a generic F the intersection V ∩ F is a line in F , and ϕ( V ∩ F ) is a line in V ⊂ P d+1 . This shows that V is covered by lines, and concludes the proof. Proof. Let D ⊂ X be the transform of Exc(f ). Then D is a non-movable prime divisor, and by Th. 3.15 there is a diagram
where X X 1 is a SQM and f 1 : X 1 → Y 1 is an elementary divisorial contraction with exceptional divisor the transform of Exc(f ), and satisfying one of the conditions of Th. 3.15. The birational map Y 1 Y is an isomorphism in codimension 1, i.e. it is a SQM. The cases (i) -(iv) of the statement correspond to the same cases of Th. 3.15; we will consider (i) and (ii), the other ones being completely analogous.
If D is of type (3, 2), then X = X 1 , f 1 is an elementary contraction of type (3, 2), and D does not contain any exceptional plane; in particular dim N 1 (D, X) = dim N 1 (Exc(f ), X) by Rem. 3.14.
If the map X X is not an isomorphism, then Cor. 3.12 yields that c X ≤ 2. Hence
and f cannot be of type (3, 0) nor (3, 1). Therefore f is of type (3, 2) and Exc(f ) is covered by curves of anticanonical degree 1. By Rem. 3.6 (1) the map X X is an isomorphism over Exc(f ), and we get (i).
Suppose now that D is of type (3, 1). Then Y 1 is smooth and Fano, so that the birational map Y 1 Y is an isomorphism outside a disjoint union of exceptional planes in Y 1 , see Rem. 3.6. Moreover f 1 is the blow-up of a smooth curve C 1 ⊂ Y 1 , and (f 1 ) * (−K Y 1 ) = −K X 1 + 2 Exc(f 1 ).
Let l 1 , . . . , l r ⊂ X 1 be the exceptional lines. Then f 1 (l i ) intersects C 1 and −K Y 1 ·f (l i ) =Let now L ⊂ Y 1 be an exceptional plane. Since C 1 can intersect at most finitely many curves of anticanonical degree 1, we have C 1 ∩L = ∅, and f
We conclude that C 1 ∪f 1 (l 1 )∪· · ·∪f 1 (l r ) is contained in the open subset where Y 1 Y is an isomorphism, and Exc(f 1 )∪l 1 ∪· · ·∪l r is contained in the open subset where X 1 X is an isomorphism.
Therefore f is the blow-up of a smooth curve C ⊂ Y , and C does not meet any exceptional line in Y . Let C 0 ⊂ Y be an irreducible curve which meets C, C 0 = C, and let
We conclude this section showing that when the cones Mov(X) and Eff(X) share a one-dimensional face, we can easily bound the Picard number of X. As a consequence, when ρ X is large, X contains plenty of non-movable prime divisors. Here is the result in the rational case. Proof. When f is elementary ρ X = ρ S + 1, while in general ρ X ≤ ρ S + 8 by Cor. 3.9. Therefore we have to show that ρ S ≤ 10 if f is elementary, and ρ S ≤ 9 otherwise. The surface S is smooth and is a Mori dream space by Cor. 3.8; moreover S is rational because X is rationally connected.
We assume that ρ X ≥ 6 and ρ S ≥ 4. Under these conditions, we are going to show that −K S is nef, and ample when f is not elementary; since S is a smooth rational surface, this implies the statement. Notice that in order to show that −K S is nef (respectively, ample), it is enough to show that −K S ·σ ≥ 0 (respectively, > 0) for every extremal ray σ of NE(S); moreover, every such extremal ray corresponds to an elementary contraction of S.
Thus let g : S → S 1 be an elementary contraction. The surface S 1 has rational singularities by Rem. 3.7, and since ρ S ≥ 4, g is birational.
Consider a factorization X X f → S of f as in Rem. 3.7, and let C ⊂ S be the irreducible curve contracted by g. Since C is a non-movable prime divisor in S, by Rem. 3.10
Let D X ⊂ X be the transform of D. Since f is not regular, X has a small elementary contraction, and Cor. 3.12 gives c X ≤ 2, hence dim N 1 (D X , X) ≥ ρ X −2. We apply Th. 3.15 to D X , and consider the possible types.
We notice at once that dim N 1 (D X , X) > dim N 1 (D, X), therefore by Rem. 3.14 D X must contain some exceptional plane. This implies that D X cannot be of type (3, 2) (see Th. 3.15 (i)).
We apply Rem. 2.20 to g • f : X → S 1 and D, and get a diagram:
where k is an elementary divisorial contraction with exceptional divisor the transform of D, f 1 is a contraction, and h is a birational map which factors as a sequence of D-negative flips. Notice that X 1 is factorial by Cor. 3.19, in particular it is again a Mori dream space (see Rem. 2.8).
We show that f 1 : X 1 → S 1 is quasi-elementary. Let F ⊂ X be a general fiber of f , and consider its transforms F ⊂ X and F 1 ⊂ X 1 . Since the indeterminacy locus of h is contained in D, it is disjoint from F ; therefore F , F , and F 1 are isomorphic, and F 1 is a general fiber of f 1 . By Rem. 3.13 (1) we get
(we are using that f is quasi-elementary, see Prop. 2.22 (ii)).
On the other hand F ∩ Exc(k) = ∅, therefore N 1 ( F , X) ⊆ Exc(k) ⊥ and NE(k) ⊂ N 1 ( F , X). We conclude that k * : N 1 ( X) → N 1 ( X 1 ) is injective on N 1 ( F , X) , and since N 1 (F 1 , X 1 ) = k * (N 1 ( F , X) ), we get dim N 1 (F 1 , X 1 ) = dim N 1 ( F , X) = dim ker( f 1 ) * , and f 1 is quasi-elementary by Prop. 2.22 (ii).
If D X is of type (3, 1) or (3, 0) P 3 , then X 1 is smooth and it is a SQM of a Fano 4-fold X 1 by Cor. 3.19. Since X 1 S 1 is a quasi-elementary rational contraction, Cor. 3.8 implies that S 1 is smooth. Hence g is the blow-up of a smooth point, and −K S · C = 1.
Suppose now that D X is of type (3, 0) Q . We show that f 1 is K-negative. By contradiction, suppose that there exists an irreducible curve C 0 ⊂ X 1 such that f 1 (C 0 ) = {pt} and −K X 1 · C 0 ≤ 0. By Cor. 3.19, C 0 cannot contain the singular point p := k(Exc(k)), therefore C 0 = k(l) where l ⊂ X is an irreducible curve, disjoint from Exc(k), with −K X · l ≤ 0. By Rem. 3.6 (2), l is an exceptional line. We need the following.
Remark 4.2. Let X be a Fano 4-fold and consider a diagram:
where ϕ and ψ are SQMs and h := ψ • ϕ −1 . Let l ⊂ X be an exceptional line.
(1) Either l ⊂ dom(h −1 ), or l ∩ dom(h −1 ) = ∅. Proof. By Rem. 3.6 (2) we have l ∩ dom(ψ −1 ) = ∅. Therefore if l is not contained in the indeterminacy locus of h −1 , then its transform l ⊂ X must be contained in the indeterminacy locus of ϕ −1 . Then again by Rem. 3.6, l is an exceptional line, and h −1 = ϕ • ψ −1 is an isomorphism on l.
For the second statement, we can factor h as 2 is an isomorphism, so that l = h 2 (l 1 ), l 1 an exceptional line in X 1 . Moreover l 1 ∩ dom(h
We carry on with the proof of Prop. 4.1, and apply Rem. 4.2 to h and l ⊂ X. Since Exc(k) · l = 0, we deduce that h is an isomorphism over l, so that l = h −1 (l) ⊂ X is an exceptional line disjoint from D and contracted by g • f . On the other hand dim f ( l) = 1 (because f is K-negative), and f ( l) = C (because l ⊂ f −1 (C) = D), thus dim(g• f )(C) = 1, a contradiction.
Hence f 1 : X 1 → S 1 is a K-negative quasi-elementary contraction. Since X 1 is factorial, as in [Cas08, Lemmas 3.9 and 3.10] one shows that S 1 is factorial. Thus S 1 is a normal, Gorenstein surface with rational singularities, that is, S 1 has at most Du Val singularities. Therefore either g : S → S 1 is the blow-up of a smooth point and −K S · C = 1, or C is a (−2)-curve in S and −K S · C = 0.
Summing up, we have shown that −K S · NE(g) ≥ 0 for every elementary contraction g of S, therefore −K S is nef.
Suppose now that f is not elementary. To show that −K S is ample, we need to show that when D X is of type (3, 0) Q , C cannot be a (−2)-curve. For this, we show the existence of an irreducible curve C ′ ⊂ X with D · C ′ = −1. This gives:
We know that f 1 is a non-elementary K-negative quasi-elementary contraction, so that the general fiber is a smooth Del Pezzo surface with Picard number > 1. In particular, every fiber of f 1 is covered by curves of anticanonical degree 2, either irreducible, or a union of two irreducible curves of anticanonical degree 1.
Let F 0 ⊂ X 1 be the fiber containing the singular point p. By Cor. 3.19, p cannot be contained in any irreducible curve of anticanonical degree 2, hence we find an irreducible curve C 1 ⊂ F 0 such that p ∈ C 1 and −K X 1 · C 1 = 1. Again by Cor. 3.19, C 1 = k(l 1 ), where
Notice that h cannot be an isomorphism over l 1 , otherwise we would get an exceptional line in X, not contained in D, but contracted by g • f , which is impossible. Therefore by Rem. 4.2 we have l 1 ∩ dom(h −1 ) = ∅.
Consider now the factorization h = ψ • ϕ −1 as in (4.3), where ϕ and ψ are SQMs. By Rem. 3.6 (2), l 1 is contained in the indeterminacy locus of ψ −1 ; let L ⊂ X be the corresponding exceptional plane, and C L ⊂ L a line. Since Exc(k) · l 1 = 1 in X, using Rem. 3.4 we see that D X · C L = −1. Now we cannot have L ∩ dom(ϕ) = ∅ (otherwise h would be an isomorphism over l 1 ), therefore L intersects the indeterminacy locus of ϕ in finitely many points and we can choose C L disjoint from it. In the end C ′ := ϕ(C L ) ⊂ X is an irreducible curve with D · C ′ = −1, and this concludes the proof.
Elementary rational contractions onto 3-folds
In this section we study Fano 4-folds having an elementary rational contraction onto a 3-dimensional variety. Also in this case, we first recall the result about the regular case.
Theorem ([Cas08], Cor. 1.2 (iii)). Let X be a Fano 4-fold and f : X → Y an elementary contraction with dim Y = 3. Then ρ X ≤ 11, with equality only if X ∼ = P 1 × P 1 × S or X ∼ = F 1 × S, where S is a surface.
Here we show the following. Proof. By Rem. 3.7, we can factor the map X Y as X X f → Y , where X is a SQM of X and f is a K-negative elementary contraction.
By standard properties of K-negative elementary contractions, f is equidimensional except possibly at finitely many points of Y , where f can have isolated 2-dimensional fibers. Moreover Y can have at most canonical and factorial singularities at these points, and is smooth elsewhere (see Th. 3.1 and Cor. 3.8).
We have dim Exc(g) = 1 and g(Exc(g)) = {p 1 , . . . , p r } is a finite set of points. Fix i ∈ {1, . . . , r}; we show that there exists an exceptional line
Suppose that this is not the case: then there is an open subset U of Y 0 , containing
where U Y := g −1 (U ), so that dim N 1 ( U /U ) = 2 (we refer the reader to [KMM87] for the notation in the relative setting).
Let τ be the extremal ray of NE( U /U ) different from NE(f | U ). We have f (Locus(τ )) ⊆ Exc(g), so that dim Locus(τ ) ≤ 2, and τ is a small extremal ray. On the other hand f is finite on the fibers of the contraction of τ , which then have dimension at most 1. Anyway this is impossible by Th. 3.1, because −K U · τ > 0.
Therefore we have an exceptional line l i ⊂ (g • f ) −1 (p i ), and g • f is not K-negative.
By flipping the K-positive extremal rays contracted by g • f as in the proof of Rem 3.7, we get a diagram:
where h is a composition of K-positive flips, and ϕ is a K-negative contraction. In particular, as in Rem. 3.6 we see that X dom(h −1 ) is a disjoint union of exceptional planes, and X dom(h) a disjoint union of exceptional lines. Since f cannot contract any exceptional line, h is an isomorphism on (g • f ) −1 (Y 0 {p 1 , . . . , p r }), so that ϕ is equidimensional outside a finite subset of Y 0 .
Fix i ∈ {1, . . . , r}, set S i := (g • f ) −1 (p i ), and let S i ⊂ X be its transform, so that S i ⊆ ϕ −1 (p i ). The fiber ϕ −1 (p i ) cannot have dimension 3, because h is an isomorphism in codimension 1 and g • f has fibers of dimension at most 2. Since S i has dimension 2, ϕ −1 (p i ) is an isolated 2-dimensional fiber of ϕ.
On the other hand S i contains the exceptional line l i , which lies in the indeterminacy locus of h. We conclude that there is an exceptional plane L i , lying in the indeterminacy locus of h −1 , and contained in
We use the classification of possible isolated 2-dimensional fibers of ϕ given in [AW97, Prop. 4.3.1] (notice that we can apply this result to ϕ using [Mel99, Th. 2.6], as in the proof of Th. 3.2). In particular, if T is an irreducible component of ϕ −1 (p i ) which intersects L i in a curve, we see that T is either P 2 , P 1 × P 1 , the Hirzebruch surface F 1 , or the quadric cone. On the other hand T ∩ L i must be a negative curve in T , therefore the only possibility is T ∼ = F 1 .
We conclude from [AW97, Prop. 4.3.1] that ϕ −1 (p i ) = L i ∪ S i , and either S i ∼ = P 2 intersects L i in one point, or S i ∼ = F 1 intersects L i in a curve which is a line in L i , and the (−1)-curve in S i .
In particular S i is irreducible, therefore S i is irreducible and
1).
On the other hand f (l i ) = C i and l i cannot intersect curves of anticanonical degree 1 by Rem. 3.6 (1), therefore f is smooth over C i .
The birational map h −1 gives an isomorphism S i l i ∼ = S i L i ∼ = P 2 {pt}, and under this isomorphism f |S i l i is the projection. We conclude that C i ∼ = P 1 , S i ∼ = F 1 , and l i is the (−1)-curve in F 1 .
We have
and this concludes the proof. Proof. As usual, using Rem. 3.7, we factor the map X Y as X X f → Y , where X is a SQM of X and f is a K-negative elementary contraction. Moreover the map X X is not an isomorphism. Since X has a small elementary contraction and ρ X ≥ 6, we have c X ≤ 2 by Cor. 3.12.
By Rem. 3.10, the divisor
As in the proof of Prop. 4.1, this shows that D X cannot be of type (3, 2).
Step 1: we show that g is of type (2, 0). By contradiction, suppose that g is of type (2, 1); we show that then D X must be of type (3, 2), which we have already excluded. Consider the (possibly empty) set of exceptional lines l 1 , . . . , l r ⊂ X such that
Y 0 U is a finite set and g is of type (2, 1), we have Exc(g) ∩ U Y = ∅, and g |U Y : U Y → U is a non-trivial local contraction.
Consider now the local contraction (g • f ) U : U → U . As in the proof of Lemma 4.5, we see that there is a birational extremal ray τ of NE( U /U ) such that −K U · τ > 0, τ = NE(f | U ), and the associated contraction has fibers of dimension at most 1. Then τ is Suppose that D X is of type (3, 1). Then by Cor. 3.19 X 1 is smooth and k is the blow-up of a smooth curve C ⊂ X 1 . Moreover C cannot intersect irreducible curves of anticanonical degree 2, and can intersect only finitely many irreducible curves of anticanonical degree 1. Since the image of D in Y 0 is a point, C is contained in a fiber of f 1 .
Thus f 1 : X 1 → Y 0 is an elementary K-negative contraction of a smooth 4-fold, of type (4, 3). We know that f 1 can have isolated 2-dimensional fibers, and that Y 0 is smooth outside their images (see Th. 3.1). Moreover the possible 2-dimensional fibers have been classified by Kachi [Kac97] and Andreatta and Wiśniewski [AW97, Prop. 4.3.1]. It is not difficult to see that if C were contained in a 2-dimensional fiber, in any case C should intersect curves of anticanonical degree 2, or infinitely many curves of anticanonical degree 1, which is impossible.
Hence C is contained in a 1-dimensional fiber of f 1 , Y 0 is smooth in p = f 1 (C), and g is just the blow-up of p.
Suppose that D X is of type (3, 0) P 3 . Again by Cor. 3.19, X 1 is smooth and k is the blow-up of a point q ∈ X 1 . Moreover q cannot belong to irreducible curves of anticanonical degree 1, and can belong at most to finitely many irreducible curves of anticanonical degree 2. Similarly to the previous case, using Th. 3.2 on isolated 2-dimensional fibers of f 1 , we see that q belongs to a 1-dimensional fiber of f 1 , so that p = f 1 (q) is a smooth point of Y 0 and g is just a blow-up.
Step 3: the case where D X is of type (3, 0) Q . For the rest of the proof, we assume that D X is of type (3, 0) Q . By Cor. 3.19 we know that D is isomorphic to an irreducible quadric, and q := k( D) ∈ X 1 is an isolated terminal and factorial singularity. Moreover we have the following properties.
(P1) The point q cannot belong to irreducible curves of anticanonical degree 2, and can belong at most to finitely many irreducible curves of anticanonical degree 1.
(P2) Let C ⊂ X 1 be an irreducible curve such that q ∈ C and −K X 1 · C = 1. Then the transform C ⊂ X is an exceptional line, and D · C = 1.
(P3) Let C 1 , C 2 ⊂ X 1 be distinct irreducible curves such that −K X 1 · C 1 = 1 and the transform C 2 ⊂ X of C 2 is an exceptional line. Then either
Indeed (P1) and (P2) follow directly from Cor. 3.19. For (P3), let C 1 ⊂ X be the transform of C 1 . If q ∈ C 1 , then −K X · C 1 = 1, so that C 1 ∩ C 2 = ∅ by Rem. 3.6 (1), and
If q ∈ C 1 , then C 1 is an exceptional line by (P2), therefore C 1 ∩ C 2 = ∅ again by Rem. 3.6, and C 1 ∩ C 2 = {q}.
Step 4: let T be an irreducible component of f
, then T ∼ = F r for some r ≥ 0, and the fibers of the P 1 -bundle on T have anticanonical degree 1 in X 1 . Since f 1 : X 1 → Y 0 is an elementary contraction of type (4, 3), it has fibers of dimension at most 2, and can have at most isolated 2-dimensional fibers. Moreover by Th. 3.1 the general fiber of f 1 is a smooth rational curve of anticanonical degree 2.
By degeneration (for instance using the Hilbert scheme), we find a connected curve C ⊂ X 1 containing q and numerically equivalent to a general fiber of f 1 , so that C ⊆ f −1 1 (p). Let C 0 be an irreducible component of C containing q. We have −K X 1 ·C 0 ≤ −K X 1 ·C = 2, −K X 1 · C 0 > 0 because f 1 is elementary, and −K X 1 · C 0 ∈ Z because X 1 is factorial. Using (P1) we conclude that −K X 1 · C 0 = 1. Thus if dim T = 1, we have T = C 0 and we are done.
If dim T = 2, the possibilities for (T, (−K X 1 ) |T ) are given by Th. 3.2 (i), (ii), or (iii). However (i) is excluded by (P1). In case (ii), again by (P1) q cannot be the vertex of the cone, and q cannot be another point of the cone by (P2) and (P3) (just take the line through q and another line). Thus we are left with (iii), which gives Step 4.
Step 5: the contraction
We know from Step 4 that f −1 1 (p) contains an irreducible curve of anticanonical degree 1 through q. By (P3), this gives an exceptional line in X contracted by
where σ is an extremal ray with −K X · σ ≤ 0, and by Rem. 3.6 (2) Locus(σ) is a disjoint union of numerically equivalent exceptional lines.
Fix j ∈ {1, . . . , s}. The image k(l j ) ⊂ X 1 is an irreducible curve contained in a fiber of
Otherwise, k(l j ) is contained in a 2-dimensional component T ∼ = F r for some r ≥ 0. By (P3) k(l j ) can intersect the fibers of the P 1 -bundle on T only in the point q. Therefore k(l j ) is the fiber of the P 1 -bundle through q and again −K X 1 · k(l j ) = 1. We deduce that where ϕ is a contraction.
Notice that (h ′′ ) −1 is the flip of a small extremal ray in NE(f 1 •k). By
Step 5 NE(f 1 •k) = NE(k)+σ and k is a divisorial contraction, therefore (h ′′ ) −1 is the flip of σ. Since K X ·σ > 0, we see that h ′′ is the flip of a K-negative small extremal ray σ ′ ⊂ NE(ϕ). Thus we are left to show that h ′ is an isomorphism.
We show that ϕ is K-negative. If not, by Rem. 3.6 (2) there exists an exceptional line l ′ ⊂ X ′ such that ϕ(l ′ ) = {pt}. Since h ′′ is a K-negative flip, by Th. 3.3 X ′ dom(h ′′ ) is a union of exceptional planes, and by Rem. 3.6 (3) we get l ′ ⊂ dom(h ′′ ). Therefore the image of l ′ in X is an exceptional line contracted by f 1 • k, but whose class is not in σ, which contradicts Step 5.
Hence ϕ is K-negative, and NE(ϕ) = σ ′ + τ where τ is a K-negative extremal ray.
Suppose by contradiction that h ′ is not an isomorphism. Then NE(ϕ) must contain the D ′ -positive small extremal ray corresponding to the last flip in the factorization of h ′ . Since NE(ϕ) = σ ′ +τ and D ′ ·σ < 0, we deduce that τ is small, D ′ ·τ > 0, and Locus(τ ) ⊂ ϕ −1 (p).
In particular, Locus(τ ) is a union of exceptional planes which intersect D ′ (see Th. 3.3). Let L be one of these exceptional planes.
Since also Locus(σ ′ ) is a union of exceptional planes, and
1 (p) red containing q, and by Step 4 we have k( L) ∼ = F r for some r ≥ 0. Let C 1 , C 2 ⊂ k( L) two fibers of the P 1 -bundle not containing q. Then their transforms C 1 , C 2 ⊂ X are disjoint and have anticanonical degree 1, so they do not intersect Locus(σ) by Rem. 3.6 (1). This yields two disjoint curves in L ∼ = P 2 , and we have a contradiction.
Step 7: f −1 1 (p) is a one-dimensional reducible fiber of f 1 , and s = 2. Since (g • f ) −1 (p) = D and h is just one flip, we have (
Consider now the resolution of the flip h (see Th. 3.3). We get a commutative diagram:
where ϕ and ψ are the blow-ups of the indeterminacy loci of h and h −1 respectively. We have
1 (p) cannot be everywhere non-reduced and s = 2.
Step 8: we show the statement. We have Locus(σ) = l 1 ∪ l 2 and f −1 
3.4). Let moreover B ⊂ D be a general line and B 0 ⊂ D its transform; recall that −K X · B = 2. Finally let F 0 ⊂ X be a general fiber of f , so that k(h(F 0 )) is a general fiber of f 1 . We have:
Consider now f |D : D → Exc(g). We have f (L i ) = Exc(g), and every fiber of f |D has dimension one (for instance because a 2-dimensional fiber should intersect L 1 in a curve, which is impossible). Let
If i : D ֒→ X is the inclusion and i * : N 1 (D) → N 1 ( X) the associated push-forward of 1-cycles, we have ker
by (4.7)). In particular we get: Suppose that Y has an elementary rational contraction of fiber type g : Y Z. Then g • f : X Z is a quasi-elementary rational contraction (see Rem. 2.24 and Rem. 2.26), and ρ X − ρ Z = 2. If dim Z ≤ 1, then ρ Z ≤ 1 and ρ X ≤ 3. If instead dim Z = 2, Prop. 4.1 yields ρ Z ≤ 9 and ρ X ≤ 11.
Therefore we can assume that f is not regular and Y has no elementary rational contraction of fiber type; let us also assume that ρ X ≥ 6.
Let h : Y Y be a SQM. Then h • f : X Y is an elementary rational contraction (see Rem. 2.8), so that again by Cor. 3.8 Y has at most isolated canonical and factorial singularities.
We notice that h • f cannot be regular. Indeed f is not regular over some exceptional plane L ⊂ X, such that the lines contained in L have numerical class in some extremal ray σ of NE(X). If h • f were a morphism, it would be an elementary contraction of fiber type. In particular we would have NE(h • f ) = σ, so h • f should be finite on L, and Consider an elementary contraction g : Y → Y 0 . By our assumptions, g must be birational, therefore Lemmas 4.5 and 4.6 apply. We deduce that either g is the blow-up of a smooth point of Y 0 , or Exc(g) a disjoint union of smooth rational curves, lying in the smooth locus of Y , with normal bundle O P 1 (−1) ⊕2 -we call such a curve a (−1, −1)-curve. We also notice that in the case of the blow-up we have Consider now the contraction ϕ :
We show that ϕ is birational, i.e. that −K Y is big. Since h 0 factors as a sequence of K-trivial flips, the map ϕ := ϕ • h −1 0 : Y 0 → T is regular, and −K Y 0 is the pull-back of some ample Cartier divisor on T . In particular ϕ is finite on E, so that dim ϕ( E) = 2. This also shows that ϕ is generically finite on E.
By contradiction, if ϕ is of fiber type, then T = ϕ( E) and ρ T = 1. In particular, Therefore −K Y is nef and big, namely Y is an almost Fano variety, and ϕ is birational. Moreover dim Exc(ϕ) ≤ 1, because we have already shown that ϕ is generically finite on every non-movable prime divisor.
We are going to proceed similarly to the proof of [CJR08, Prop. 2.8]. Let σ 1 , . . . , σ r be the divisorial extremal rays of NE(Y ), and set E i := Locus(σ i ). Then E 1 , . . . , E r are pairwise disjoint, so that E i · σ j = 0 if i = j. It is then easy to see 9 that σ 1 + · · · + σ r is an r-dimensional face of NE(Y ), whose contraction k : Y → Y r is just the blow-up of r distinct smooth points of Y r .
Notice that Y r has isolated canonical and factorial singularities, and is a Mori dream space by Rem. 2.8. Since k * (−K Yr ) = −K Y + 2(E 1 + · · · + E r ), we see that −K Yr is nef, and that if C ⊂ Y r is an irreducible curve containing some point blown-up by k, then −K Yr · C ≥ 2. Moreover we have: There exists some extremal ray τ of NE(Y r ) with −K Yr · τ > 0; let π : Y r → Z be the corresponding contraction. We show that dim Z ≤ 1, excluding by contradiction all the other cases. This gives ρ Yr ≤ 2 and ρ X ≤ 11, and concludes the proof.
Suppose first that π is birational. If Exc(π) ∩ k(Exc(k)) = ∅, we get a K-negative, birational extremal ray σ ′ of NE(Y ) different from σ 1 , . . . , σ r , a contradiction. Therefore Exc(π) must contain some of the points blown-up by k.
If π is not of type (2, 0), then every non-trivial fiber F of π has dimension 1, and by [AW97, Cor. 1.15] we have F ∼ = P 1 and −K Yr · F = 1. In particular, F cannot contain any point blown-up by k, so that Exc(π) ∩ k(Exc(k)) = ∅, a contradiction.
If π is of type (2, 0), the possibilities for Exc(π) and (−K Yr ) | Exc(π) are given by Th. 3.2. We see that the only case where Exc(π) is not covered by curves of anticanonical degree 1 is when Exc(π) ∼ = P 2 and (−K Yr ) | Exc(π) = O P 2 (2). On the other hand, in this case the transform of Exc(π) in Y would be covered by curves of anticanonical degree zero, which contradicts the fact that Exc(ϕ) contains no divisors.
Finally, suppose that dim Z = 2. By Th. 3.1, the general fiber of π is a smooth rational curve of anticanonical degree 2, therefore −K Yr · F = 2 for every fiber F of π.
For every i = 1, . . . , r let F i be the fiber of π through the point k(E i ). Since k(E i ) cannot be contained in curves of anticanonical degree one, F i must be an integral fiber; let
Consider now the contraction π • k : Y → Z, and the face η : 
. Hence for i = 2, . . . , r each R ≥0 [C i ] stays a small extremal ray in Y 1 . Now we can flip R ≥0 [C 2 ], and proceed in the same way.
In the end we get a commutative diagram:
where k : Y → Z is a contraction.
The transform E i ⊂ Y of E i is isomorphic to F 1 , and contains a (−1, −1)-curve C i as the (−1)-curve. If G i ⊂ E i is a fiber of the P 1 -bundle, and G 0 ⊂ Y a general fiber of k, it is not difficult to see that G 0 ≡ G i , so that
Since dim NE( k) = r + 1, this implies that R ≥0 [G 0 ] is an extremal ray of NE( Y ), whose contraction is of fiber type. Thus Y has an elementary rational contraction of fiber type, which contradicts our assumptions, and this concludes the proof.
Proof of Th. 1.1. The statement follows from [Cas08] when X has a regular elementary contraction of fiber type (see the Introduction). The general statement follows from Cor. 3.9, Prop. 4.1, and Th. 4.4.
5 Fano 4-folds with c X = 1 or c X = 2
In this section we show the following results, which imply Th. 1.3. (i) ρ X ≤ 11 and X has a SQM X with an elementary contraction of fiber type X → Y which is a conic bundle;
(ii) X is obtained by blowing-up a Fano 4-fold Y in a smooth irreducible surface.
For the proofs of Prop. 5.1 and 5.2, we need the following property.
Remark 5.3. Let X be a Fano 4-fold with c X ≤ 2 and ρ X ≥ 6. Let E ⊂ X be a prime divisor which is a smooth P 1 -bundle, with fiber F ⊂ E, such that E · F = −1. Then R ≥0 [F ] is an extremal ray of type (3, 2), and it is the unique E-negative extremal ray of NE(X).
Proof. Let σ 1 , . . . , σ h be the E-negative extremal rays of NE(X) (notice that h ≥ 1, because E is not nef). Fix i ∈ {1, . . . , h}. We have Locus(σ i ) ⊆ E. If σ i is of type (3, 0) or (3, 1), then dim N 1 (E, X) ≤ 2, a contradiction because c X ≤ 2 and ρ X ≥ 6. If σ i is small, then Locus(σ i ) is a union of exceptional planes (by [Kaw89] ), which must intersect every fiber of the P 1 -bundle structure on E. This yields dim N 1 (E, X) = 2, again a contradiction.
Therefore σ i is of type (3, 2), E = Locus(σ i ), and (−K X + E) · σ i = 0. This shows that −K X + E is nef, and τ := σ 1 + · · · + σ h = (−K X + E) ⊥ ∩ NE(X) is a face containing [F ] .
If dim τ > 1, any 2-dimensional face of τ yields a contraction of X onto Z with ρ X −ρ Z = 2, sending E to a point or to a curve. This implies that dim N 1 (E, X) ≤ 3, again a contradiction. Thus h = 1 and σ 1 = R ≥0 [F ] .
Proof of Prop. 5.1. Let D ⊂ X be a prime divisor with codim N 1 (D, X) = 2; we apply [Cas11, Prop. 2.5] to D.
Suppose first that we get two disjoint prime divisors E 1 , E 2 which are smooth P 1 -bundles, with fibers This also shows that −K X +E 1 +E 2 is nef, and (−K X +E 1 +E 2 ) ⊥ ∩NE(X) = R ≥0 [F 1 ]+ R ≥0 [F 2 ] is a face of NE(X). The associated contraction ϕ : X → Y is the smooth blow-up of two disjoint irreducible surfaces. Moreover Y is Fano, because ϕ * (−K Y ) = −K X + E 1 + E 2 , therefore we have (ii).
Suppose now that [Cas11, Prop. 2.5] applied to D gives just one prime divisor E 1 . As in the previous case, we see that E 1 is the exceptional divisor of the blow-up f 0 : X → X 1 of a Fano 4-fold X 1 along a smooth surface S = f 0 (E 1 ). Moreover we are in the situation of [Cas11, Lemma 2.8], and we have a sequence:
which is a Mori program for −D, where f k is an elementary contraction of type (4, 3), finite on D k ⊂ X k . Finally S ⊂ X 1 is contained in the open subset where the birational map X 1 X k is an isomorphism. If f 1 , . . . , f k−1 are all flips, then X 1 X k is a SQM, and we get ρ X 1 ≤ 11 by Th. 4.4. Hence ρ X ≤ 12 and we have (i).
Suppose now that f 1 , . . . , f k−1 are not all flips. Since the map X 1 X k is an isomorphism on S, we can replace the sequence above by:
where g k−1 : X ′ k−1 → X k is the blow-up of the image of S, and g 0 , . . . , g k−2 are not all flips. Notice that the birational map X X ′ k−1 gives an isomorphism between E 1 and Exc(g k−1 ).
Let i ∈ {0, . . . , k − 2} be the first index such that g i is a divisorial contraction. We have:
where ϕ is a SQM. Since ρ X ≥ 6, Cor. 3.19 applies to g i . Let E 2 ⊂ X be the transform of Exc(g i ), and p ∈ E 2 a point which does not belong to any exceptional plane. Notice that E 1 ∩ E 2 = ∅.
Proceeding as in [Cas11, proof of Lemma 2.8], we construct a curve C ⊂ X with the following properties:
(1) p ∈ C and C is numerically equivalent to a general fiber C 0 of the map X Y , so that −K X · C = 2 and E 2 · C = 0;
(2) C = C ′ ∪ F , where F is the transform of an integral fiber F ⊂ X k of f k , E 2 · F > 0, and F ⊂ E 2 .
Let F i ⊂ X ′ i and F i+1 ⊂ X ′ i+1 be the transforms of F . We have We assume first that we are in case (a), and show that this gives a contradiction. Since −K X ′ i · F i = 2 = −K X k · F , by [Cas09, Lemma 3.8] the birational map X ′ i X k is an isomorphism on F i ; recall that the image of F i in X k is an integral fiber F of f k . Thus F i ∩ Exc(g i ) = ∅ and F i is a proper fiber of the map X ′ i Y . On the other hand F ∩ E 2 = ∅ by (2), therefore F intersects E 2 along the indeterminacy locus of ϕ, and we get F ∩ E 2 ⊂ L.
In X ′ i we have ϕ(C 0 ) ≡ F i (recall that C 0 is a general fiber of X Y ), hence C 0 ≡ F + C L , where C L ⊂ L is a line. But we also have C 0 ≡ C = F + C ′ , so that C ′ ≡ C L .
This implies that C ′ is contained in an exceptional plane too. Indeed by taking a general very ample divisor H ⊂ X ′ i , its transform H ⊂ X is a movable divisor whose base locus is X dom(ϕ), and H · C ′ = H · C L < 0.
On the other hand we have p ∈ C ∩ E 2 = C ′ ∪ ( F ∩ E 2 ), so p must belong to some exceptional plane, which contradicts our choice of p.
Hence we are in case (b). Using (2) we see that F i · Exc(g i ) = F · E 2 > 0, and F i is not contained in Exc(g i ). Therefore: (Exc(g i )) , and − K X ′ i+1 · F i+1 ≤ 2.
Then Cor. 3.19 yields that g i must be of type (3, 2), ϕ gives an isomorphism between E 2 and Exc(g i ), and E 2 does not contain any exceptional plane.
This implies that −K X ′ i+1 · F i+1 = 2 = −K X k · F , and again by [Cas09, Lemma 3.8] the birational map X ′ i+1 X k is an isomorphism between F i+1 and F ⊂ X k , so that F i+1 is a fiber of the map X ′ i+1 Y .
Since E 2 does not contain exceptional planes, the choice of p ∈ E 2 was arbitrary. We deduce that g i (Exc Therefore g i is of type (3, 2) sm , and E 2 is a smooth P 1 -bundle with fiber F 2 ⊂ E 2 such that E 2 · F 2 = −1 and E 1 ∩ E 2 = ∅. Now proceeding as in the first part of the proof we show that we are in (ii).
The proof of Prop. 5.2 is very similar to that of Prop. 5.1.
